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1. Introduction
1.1. Nielsen–Reidemeister ﬁxed point theory
Let f : X → X be a map of a compact X , p : X˜ → X be the universal covering of X and f˜ : X˜ → X˜ a lifting of f , i.e.
p ◦ f˜ = f ◦ p. Let Γ be the group of covering translations of X˜ over X . Two liftings f˜ and f˜ ′ are called conjugate if
there is a γ ∈ Γ ∼= π = π1(X) such that f˜ ′ = γ ◦ f˜ ◦ γ −1. The subset p(Fix( f˜ )) ⊂ Fix( f ) is called the ﬁxed point class of f
determined by the lifting class [ f˜ ]. A ﬁxed point class is called essential if its index is nonzero. The number of lifting classes
of f (and hence the number of ﬁxed point classes, empty or not) is called the Reidemeister number of f , denoted R( f ).
This is a positive integer or inﬁnity. The number of essential ﬁxed point classes is called the Nielsen number of f , denoted
by N( f ). The Nielsen number is always ﬁnite. R( f ) and N( f ) are homotopy type invariants. In Nielsen ﬁxed point theory
the main objects for investigation are the Nielsen and Reidemeister numbers and their modiﬁcations [40].
Our deﬁnition of a ﬁxed point class is via the universal covering space. It essentially says: Two ﬁxed points of f are in
the same class iff there is a lifting f˜ of f having ﬁxed points above both of them. There is another way of saying this, which
does not use covering space explicitly, hence is very useful in identifying ﬁxed point classes. Namely, two ﬁxed points x0
and x1 of f belong to the same ﬁxed point class iff there is a path c from x0 to x1 such that c ∼= f ◦ c (homotopy relative
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ﬁnitely many non-empty ﬁxed point classes, each a compact subset of X . Given a homotopy H = {ht}: f0 ∼= f1, we want
to see its inﬂuence on ﬁxed point classes of f0 and f1. A homotopy H˜ = {h˜t} : X˜ → X˜ is called a lifting of the homotopy
H = {ht}, if h˜t is a lifting of ht for every t ∈ I . Given a homotopy H and a lifting f˜0 of f0, there is a unique lifting H˜ of H
such that h˜0 = f˜0, hence by unique lifting property of covering spaces they determine a lifting f˜1 of f1. Thus H gives rise
to a one-to-one correspondence from liftings of f0 to liftings of f1. This correspondence preserves the conjugacy relation.
Thus there is a one-to-one correspondence between lifting classes and ﬁxed point classes of f0 and those of f1.
Given a selfmap f : X → X of a compact connected manifold X , the nonvanishing of the classical Lefschetz number L( f )
guarantees the existence of ﬁxed points. Unfortunately, L( f ) yields no information about the size of the set of ﬁxed points
of f . However, the Nielsen number N( f ), a more subtle homotopy invariant, provides a lower bound on the size of this set.
For dim X  3, a classical theorem of Wecken asserts that N( f ) is a sharp lower bound on the size of this set, that is, N( f )
is the minimal number of ﬁxed points among all maps homotopic to f . Thus the computation of N( f ) is a central issue in
ﬁxed point theory.
Let G be a countable discrete group and φ :G → G an endomorphism. Two elements x, x′ ∈ G are said to be φ-conjugate
or twisted conjugate, iff there exists g ∈ G with x′ = gxφ(g−1). We shall write {x}φ for the φ-conjugacy or twisted conjugacy
class of the element x ∈ G . The number of φ-conjugacy classes is called the Reidemeister number of an endomorphism φ and
is denoted by R(φ). If φ is the identity map then the φ-conjugacy classes are the usual conjugacy classes in the group G .
Let f : X → X be given, and let a speciﬁc lifting f˜ : X˜ → X˜ be chosen as reference. Then every lifting of f can be written
uniquely as α ◦ f˜ , with α ∈ Γ . So elements of Γ serve as coordinates of liftings with respect to the reference f˜ . Now for
every α ∈ Γ the composition f˜ ◦α is a lifting of f so there is a unique α′ ∈ Γ such that α′ ◦ f˜ = f˜ ◦α. This correspondence
α → α′ is determined by the reference f˜ , and is obviously a homomorphism. The endomorphism f˜∗ :Γ → Γ determined
by the lifting f˜ of f is deﬁned by f˜∗(α) ◦ f˜ = f˜ ◦ α.
We have seen that α ∈ π can be considered as the coordinate of the lifting α ◦ f˜ . We can tell the conjugacy of two
liftings from their coordinates: [α ◦ f˜ ] = [α′ ◦ f˜ ] iff there is γ ∈ π such that α′ = γα f˜∗(γ −1).
So we have the Reidemeister bijection: Lifting classes of f are in 1–1 correspondence with f˜∗-conjugacy classes in
group π , the lifting class [α ◦ f˜ ] corresponds to the f˜∗-conjugacy class of α.
By an abuse of language, we say that the ﬁxed point class p(Fix(α ◦ f˜ )), which is labeled with the lifting class [α ◦ f˜ ],
corresponds to the f˜∗-conjugacy class of α. Thus the f˜∗-conjugacy classes in π serve as coordinates for the ﬁxed point
classes of f , once a reference lifting f˜ is chosen.
1.2. New directions
Interest in the twisted conjugacy relation for group endomorphisms has its origins not only in Nielsen–Reidemeister
ﬁxed point theory (see, e.g. [54,40,18]), but also in Selberg theory (see, e.g. [1]) and Algebraic Geometry (see, e.g. [37]).
If G is a ﬁnite group, then the classical Burnside–Frobenius theorem says that the number of classes of irreducible
representations is equal to the number of conjugacy classes of elements of G . Let Ĝ be the unitary dual of G , i.e. the set of
equivalence classes of unitary irreducible representations of G .
If φ :G → G is an automorphism, it induces a map φ̂ : Ĝ → Ĝ , φ̂(ρ) = ρ ◦ φ. Therefore, by the Burnside–Frobenius theo-
rem, if φ is the identity automorphism of any ﬁnite group G , then we have R(φ) = #Fix(φ̂).
In [21] it was discovered that remains true for any automorphism φ of any ﬁnite group G . Indeed, if we consider an
automorphism φ of a ﬁnite group G , then R(φ) is equal to the dimension of the space of twisted invariant functions on
this group. Hence, by Peter–Weyl theorem (which asserts the existence of a two-side equivariant isomorphism C∗(G) ∼=⊕
ρ∈Ĝ End(Hρ)), R(φ) is identiﬁed with the sum of dimensions dρ of twisted invariant elements of End(Hρ), where ρ runs
over Ĝ , and the space of representation ρ is denoted by Hρ . By the Schur lemma, dρ = 1, if ρ is a ﬁxed point of φ̂, and is
zero otherwise. Hence, R(φ) coincides with the number of ﬁxed points of φ̂.
The attempts to generalize this theorem to the case of non-identical automorphism and of non-ﬁnite group (i.e., to iden-
tify the Reidemeister number of φ and the number of ﬁxed points of φ̂ on an appropriate dual object of G , provided that
one of these numbers is ﬁnite) were inspired by dynamical questions and were the subject of a series of papers [21,18,
26,27,61,23,25,24]. In the paper [29] we studied the following property for a countable discrete group G and its automor-
phism φ: we say that the group is φ-conjugacy separable if its Reidemeister classes can be distinguished by homomorphisms
onto ﬁnite groups, and we say that it is twisted conjugacy separable if it is φ-conjugacy separable for any automorphism φ
with R(φ) < ∞ (strongly twisted conjugacy separable, if we remove this ﬁniteness restriction) (Deﬁnitions 2.3 and 2.5). This
notion was used in [25] to prove the twisted Burnside–Frobenius theorem for polycyclic-by-ﬁnite groups with the ﬁnite-
dimensional part of the unitary dual Ĝ as an appropriate dual object.
In Section 2, after some preliminary considerations, we discuss the following results:
1. Classes of twisted conjugacy separable groups: Polycyclic-by-ﬁnite groups are strongly twisted conjugacy separable
groups [25,29].
2. Twisted conjugacy separability respects some extensions: Suppose, there is an extension H → G → G/H , where the
group H is a characteristic twisted conjugacy separable group; G/H is ﬁnitely generated FC-group (i.e., a group with
ﬁnite conjugacy classes). Then G is a twisted conjugacy separable group [25,29].
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4. The aﬃrmative answer to the twisted Dehn conjugacy problem for polycyclic-by-ﬁnite groups [29].
5. Twisted Burnside–Frobenius theorem for φ-conjugacy separable groups in the following formulation: Let G be a
φ-conjugacy separable group. Then R(φ) = S f (φ) if one of these numbers is ﬁnite, where S f (φ) is the number of
ﬁxed points of φ̂ : Ĝ f → Ĝ f , φ̂(ρ) = ρ ◦ φ, where Ĝ f is the part of the unitary dual Ĝ , which is formed by the ﬁnite-
dimensional representations [25,29].
A number of examples of groups and automorphisms with ﬁnite Reidemeister numbers was obtained and studied in [18,
34,27]. Using the same argument as in [26] one obtains from the twisted Burnside–Frobenius theorem the following dy-
namical and number-theoretical consequence which, together with the twisted Burnside–Frobenius theorem itself, is very
important for the realization problem of Reidemeister numbers in topological dynamics and the study of the Reidemeister
zeta-function [16,17,52]. Let μ(d), d ∈ N, be the Möbius function, i.e. μ(d) = 0 if d is divisible by a square different from
one; μ(d) = (−1)k if d is not divisible by a square different from one, where k denotes the number of prime divisors of d;
μ(1) = 1.
Congruences for Reidemeister numbers [25]: Let φ :G → G be an automorphism of a countable discrete twisted conjugacy
separable group G such that all numbers R(φn) are ﬁnite. Then one has for all n,∑
d|n
μ(d) · R(φn/d)≡ 0 mod n.
These congruences were proved previously in a number of special cases in [21,18,26,27] and are an analog of the re-
markable Dold congruences for the Lefschetz numbers of the iterations of a continuous map [13].
One step in the process to obtain the twisted Burnside–Frobenius theorem is to describe the class of groups G for which
R(φ) = ∞ for any automorphism φ :G → G . We say that a group G has R∞ property if all of its automorphisms φ satisfy
R(φ) = ∞.
The work of discovering which groups have the R∞ property was begun by Fel’shtyn and Hill in [21]. It was later shown
by various authors that the following groups have the R∞ property: (1) non-elementary Gromov-hyperbolic groups [19,42],
(2) Baumslag–Solitar groups BS(m,n) = 〈a,b | bamb−1 = an〉 except for BS(1,1) [20], (3) generalized Baumslag–Solitar groups,
that is, ﬁnitely generated groups which act on a tree with all edge and vertex stabilizers inﬁnite cyclic [41], (4) lamplighter
groups Zn Z if and only if 2 | n or 3 | n [34], (5) the solvable generalization Γ of BS(1,n) given by the short exact sequence
1 → Z[ 1n ] → Γ → Zk → 1, as well as any group quasi-isometric to Γ [57]; such groups are quasi-isometric to BS(1,n) [58]
(note however that the class of groups for which R(φ) = ∞ for any automorphism φ is not closed under quasi-isometry)
(6) saturated weakly branch groups (including the Grigorchuk group and the Gupta–Sidki group) [28], (7) the R. Thompson
group F [6], (8) symplectic groups Sp(2n,Z), the mapping class groups ModS of a compact surface S and the full braid
groups Bn(S) on n strings of a compact surface S in the cases where S is either the compact disk D , or the sphere S2 [30].
The results of the present paper indicate that the further study of Reidemeister theory for these groups should go along
the lines similar to those of the inﬁnite case. On the other hand, this result reduces the class of groups for which the
twisted Burnside–Frobenius conjecture [21,26,27,61,25,24] has yet to be veriﬁed.
One is interested in conditions which yield more speciﬁc information about the relationship between the Lefschetz
number, the Nielsen number and the Reidemeister number. In the special case of selfmaps of a lens space, Franz [33]
showed that all ﬁxed point classes of such maps have the same ﬁxed point index. From this it follows that one of two
situations occurs, namely (1) L( f ) = 0 implies N( f ) = 0, in which case f is deformable to a ﬁxed point free map, and
(2) L( f ) = 0 implies N( f ) = #Coker(1− f∗1 ) where f∗1 is the induced homomorphism on the ﬁrst integral homology. When
the Lefschetz number L( f ) is nonzero, the cardinality of Coker(1− f∗1 ) is exactly equal to the Reidemeister number R( f ).
The evaluation subgroup J (X), also known as the ﬁrst Gottlieb group G1(X), of the fundamental group π is the image
of the homomorphism ev∗ :π1(X X ,1X ) → π1(X, x0) induced by the evaluation map at a point x0 ∈ X . If J (X) coincides
with π , the analogous results are obtained as well. Namely, L( f ) = 0 implies that N( f ) = 0, and L( f ) = 0 implies that
N( f ) = R( f ) for all maps f . This general type of result was ﬁrst proved by B. Jiang (see [40] for more information on
Nielsen ﬁxed point theory) for a class of spaces now known as Jiang spaces. Jiang-type results hold for all selfmaps of a
large class of spaces including simply-connected spaces, generalized lens spaces, H-spaces, topological groups, orientable
coset spaces of compact connected Lie groups, nilmanifolds, certain C-nilpotent spaces where C denotes the class of ﬁnite
groups, certain solvmanifolds and infra-homogeneous spaces [62]. For the equality N( f ) = R( f ) to hold, one must ﬁrst
determine the ﬁniteness of the Reidemeister number R( f ).
Unless N( f ) = 0 for all homeomorphisms f , property R∞ eliminates the possibility of a Jiang-type result, which would
require the ﬁniteness of the Reidemeister number. That is, if a group G has property R∞ , a compact connected manifold
with G as fundamental group will never satisfy a Jiang-type result.
In particular the fundamental group of surface of genus greater than 1 has property R∞ . So, we need new ideas and
tools in this classical case. Recently a connection between symplectic Floer homology of a symplectomorphism of a surface
and Nielsen ﬁxed point theory was discovered [31].
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2.1. Preliminary considerations
The following construction relates φ-conjugacy classes and some conjugacy classes of another group. Consider the action
of Z on G , i.e. a homomorphism Z → Aut(G), n → φn . Let Γ be a corresponding semi-direct product Γ = G  Z:
Γ := 〈G, t ∣∣ tgt−1 = φ(g)〉 (2.1)
in terms of generators and relations, where t is a generator of Z. The group G is a normal subgroup of Γ . As a set, Γ has
the form
Γ =
⊔
n∈Z
G · tn, (2.2)
where G · tn is the coset by G containing tn .
Remark 2.1. Any usual conjugacy class of Γ is contained in some G · tn . Indeed, gg′tn g−1 = gg′φn(g−1)tn and tg′tnt−1 =
φ(g′)tn .
Lemma 2.1. Two elements x, y of G are φ-conjugate iff xt and yt are conjugate in the usual sense in Γ . Therefore g → g · t is a
bijection from the set of φ-conjugacy classes of G onto the set of conjugacy classes of Γ contained in G · t.
Proof. If x and y are φ-conjugate then there is a g ∈ G such that gx = yφ(g). This implies gx = ytgt−1 and therefore
g(xt) = (yt)g so xt and yt are conjugate in the usual sense in Γ . Conversely, suppose xt and yt are conjugate in Γ .
Then there is a gtn ∈ Γ with gtnxt = ytgtn . From the relation txt−1 = φ(x) we obtain gφn(x)tn+1 = yφ(g)tn+1 and there-
fore gφn(x) = yφ(g). Hence, y and φn(x) are φ-conjugate. Thus, y and x are φ-conjugate, because x and φ(x) are always
φ-conjugate: φ(x) = x−1xφ(x). 
2.2. Twisted conjugacy separability
We would like to give a generalization of the following well-known notion.
Deﬁnition 2.2. A group G is conjugacy separable if any pair g , h of non-conjugate elements of G are non-conjugate in some
ﬁnite quotient of G .
It was proved that polycyclic-by-ﬁnite groups are conjugacy separated [55,32].
We can introduce the following notion, which coincides with the previous deﬁnition in the case φ = Id.
Deﬁnition 2.3. ([29]) A group G is φ-conjugacy separable with respect to an automorphism φ :G → G if any pair g , h of
non-φ-conjugate elements of G are non-φ-conjugate in some ﬁnite quotient of G respecting φ.
This notion is closely related to the notion RP(φ) introduced in [25].
Deﬁnition 2.4. ([25]) We say that a group G has the property RP if for any automorphism φ with R(φ) < ∞ the character-
istic functions f of Reidemeister classes (hence all φ-central functions) are periodic in the following sense.
There exists a ﬁnite group K , its automorphism φK , and epimorphism F :G → K such that
1. The diagram
G
φ
F
G
F
K
φK
K
commutes.
2. f = F ∗ f K , where f K is a characteristic function of a subset of K .
If this property holds for a concrete automorphism φ, we will denote this by RP(φ).
One gets immediately the following statement.
Theorem 2.2. ([25]) Suppose, R(φ) < ∞. Then G is φ-conjugacy separable if and only if G is RP(φ).
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Let F :G →⊕i, j Ki j , F (g) =∑i, j F i j(g), be the diagonal mapping and K its image. Then F :G → K gives RP(φ).
The opposite implication is evident. 
Deﬁnition 2.5. ([29]) A group G is twisted conjugacy separable if it is φ-conjugacy separable for any φ with R(φ) < ∞.
A group G is strongly twisted conjugacy separable if it is φ-conjugacy separable for any φ.
From Theorem 2.2 one immediately obtains
Corollary 2.3. ([29]) A group G is twisted conjugacy separable if and only if it is RP.
Theorem 2.4. ([25]) Let F :Γ → K be a morphism onto a ﬁnite group K which separates two conjugacy classes of Γ in G · t. Then the
restriction FG := F |G :G → (F |G) separates the corresponding (by the bijection from Lemma 2.1) φ-conjugacy classes in G.
Proof. First of all let us remark that Ker(FG) is φ-invariant. Indeed, suppose FG(g) = F (g) = e. Then
FG
(
φ(g)
)= F (φ(g))= F (tgt−1)= F (t)F (t)−1 = e
(the kernel of F is a normal subgroup).
Let gt and g˜t be some representatives of the mentioned conjugacy classes. Then
F
((
htn
)
gt
(
htn
)−1) = F (˜gt), ∀h ∈ G, n ∈ Z,
F
(
htngt
) = F (˜gthtn), ∀h ∈ G, n ∈ Z,
F
(
hφn(g)tn+1
) = F (˜gφ(h)tn+1), ∀h ∈ G, n ∈ Z,
F
(
hφn(g)
) = F (˜gφ(h)), ∀h ∈ G, n ∈ Z,
in particular, F (hgφ(h−1)) = F (˜g), ∀h ∈ G . 
Theorem 2.5. ([29]) Let some class of conjugacy separable groups be closed under taking semi-direct products by Z. Then this class
consists of strongly twisted conjugacy separable groups.
Proof. This follows immediately from Theorems 2.4 and 2.2. 
2.2.1. First examples: polycyclic-by-ﬁnite groups
As an application we obtain another proof of the main theorem for polycyclic-by-ﬁnite groups.
Let G ′ = [G,G] be the commutator subgroup or derived group of G , i.e. the subgroup generated by commutators. G ′ is
invariant under any homomorphism, in particular it is normal. It is the smallest normal subgroup of G with an abelian
factor group. Denoting G(0) := G , G(1) := G ′ , G(n) := (G(n−1))′ , n 2, one obtains derived series of G:
G = G(0) ⊃ G ′ ⊃ G(2) ⊃ · · · ⊃ G(n) ⊃ · · · . (2.3)
If G(n) = e for some n, i.e. the series (2.3) stabilizes by trivial group, the group G is solvable.
Deﬁnition 2.6. A solvable group with derived series with cyclic factors is called polycyclic group.
Theorem 2.6. ([25]) Any polycyclic-by-ﬁnite group is a strongly twisted conjugacy separable group.
Proof. The class of polycyclic-by-ﬁnite groups is closed under taking semi-direct products by Z. Indeed, let G be a
polycyclic-by-ﬁnite group. Then there exists a characteristic (polycyclic) subgroup P of ﬁnite index in G . Hence, P  Z
is a polycyclic normal group of G  Z of the same ﬁnite index.
Polycyclic-by-ﬁnite groups are conjugacy separable [55,32]. It remains to apply Theorem 2.5. 
2.3. Twisted conjugacy separability and extensions
It is known that conjugacy separability does not respect extensions. For twisted conjugacy separable groups the situation
is much better under some ﬁniteness conditions. More precisely one has the following statement.
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0 H i
φ′
G
p
φ
G/H
φ
0
0 H i G
p
G/H 0,
(2.4)
where H is a normal subgroup of a ﬁnitely generated group G. Suppose, R(φ) < ∞, G/H is a FC-group, i.e., all conjugacy classes are
ﬁnite, and H is a φ′-conjugacy separable group. Then G is a φ-conjugacy separable group.
Another variant of ﬁniteness is |G/H| < ∞ (without the property R(φ) < ∞).
2.4. Twisted Burnside–Frobenius theorem for φ-conjugacy separable groups
Deﬁnition 2.7. Denote by Ĝ f the subset of the unitary dual Ĝ related to ﬁnite-dimensional representations.
Theorem 2.8. ([25]) Let G be a φ-conjugacy separable group. Then R(φ) = S f (φ) if one of these numbers is ﬁnite.
Proof. The coeﬃcients of ﬁnite-dimensional non-equivalent irreducible representations of G are linear independent by
Frobenius–Schur theorem (see [9, (27.13)]). Moreover, the coeﬃcients of non-equivalent unitary ﬁnite-dimensional irre-
ducible representations are orthogonal to each other as functions on the universal compact group associated with the initial
group [12, 16.1.3] by the Peter–Weyl theorem. Hence, their linear combinations are orthogonal to each other as well.
It is suﬃcient to verify the following three statements:
(1) If R(φ) < ∞, then each φ-class function is a ﬁnite linear combination of twisted invariant functionals being coeﬃcients
of points of Fix φ̂ f .
(2) If ρ ∈ Fix φ̂ f , there exists one and only one (up to scaling) twisted invariant functional on ρ(C∗(G)) (this is a ﬁnite full
matrix algebra).
(3) For different ρ the corresponding φ-class functions are linearly independent. This follows from the remark at the
beginning of the proof. Let us remark that the property RP implies in particular that φ-central functions (for φ with
R(φ) < ∞) are functionals on C∗(G), not only L1(G), i.e. are in the Fourier–Stieltjes algebra B(G). 
Corollary 2.9. ([25]) Let G be almost polycyclic group and φ its automorphism. Then R(φ) = S f (φ) if one of these numbers is ﬁnite.
2.5. Counterexamples
Now let us present some counterexamples to the twisted Burnside–Frobenius theorem in the above formulation for some
discrete groups with extreme properties. Suppose, an inﬁnite discrete group G has a ﬁnite number of conjugacy classes.
Such examples can be found in [56] (HNN-group), [48, p. 471] (Ivanov group), and [49] (Osin group). Then evidently, the
characteristic function of the unity element is not almost-periodic and the argument above is not valid. Moreover, let us
show, that these groups give rise the counterexamples to the above theorem.
In particular, they are not twisted conjugacy separable. Evidently, they are not conjugacy separable, because they are not
residually ﬁnite.
Example 2.8. ([25]) For the Osin group Reidemeister number R(Id) = 2, while there is only the trivial (1-dimensional)
ﬁnite-dimensional representation. Indeed, Osin group is an inﬁnite ﬁnitely generated group G with exactly two conjugacy
classes. All nontrivial elements of this group G are conjugate. So, the group G is simple, i.e. G has no nontrivial normal
subgroup. This implies that the group G is not residually ﬁnite (by deﬁnition of residually ﬁnite group). Hence, it is not
linear (by Mal’cev theorem [43]) and has no ﬁnite-dimensional irreducible unitary representations with trivial kernel. Hence,
by simplicity of G , it has no ﬁnite-dimensional irreducible unitary representation with nontrivial kernel, except of the trivial
one.
Let us remark that the Osin group is non-amenable, contains the free group in two generators F2, and has exponential
growth [35].
Example 2.9. ([25]) For large enough prime numbers p, the ﬁrst examples of ﬁnitely generated inﬁnite periodic groups with
exactly p conjugacy classes were constructed by Ivanov as limits of hyperbolic groups (although hyperbolicity was not used
explicitly) (see [48, Theorem 41.2]). The Ivanov group G is the inﬁnite periodic 2-generator group, in contrast to the Osin
group, which is torsion free. The Ivanov group G is also a simple group. The proof (kindly explained to us by M. Sapir) is
the following. Denote by a and b the generators of G described in [48, Theorem 41.2]. In the proof of Theorem 41.2 on [48]
it was shown that each of the elements of G is conjugate in G to a power of generator a of order s. Let us consider any
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periodicity of a, it follows that also a ∈ N as well as ak ∈ N for any k, because p is prime. Then any element h of G also
belongs to N being of the form h = h˜ak (˜h)−1, for some k, i.e., N = G . Thus, the group G is simple. The discussion can be
completed in the same way as in the case of Osin group.
Example 2.10. In paper [38], Theorem III and its corollary, G. Higman, B.H. Neumann, and H. Neumann proved that any
locally inﬁnite countable group G can be embedded into a countable group G∗ in which all elements except the unit
element are conjugate to each other. The discussion above related the Osin group remains valid for G∗ groups.
2.6. Twisted Dehn conjugacy problem
The subject is closely related to some decision problem. Recall that M. Dehn in 1912 [11] formulated
Conjugacy problem. Does there exists an algorithm to determine whether an arbitrary pair of group words U , V in the
generators of G deﬁne conjugate elements of G?
The following question was posed by G. Makanin [46, Question 10.26(a)]:
Question. Does there exists an algorithm to determine whether for an arbitrary pair of group words U and V of a free
group G and an arbitrary automorphism φ of G the equation φ(X)U = V X is solvable in G?
In [7] the aﬃrmative answer to the Makanin’s question is obtained.
In [2] the following problem, which generalizes the two above problems, was posed:
Twisted conjugacy problem. Does there exists an algorithm to determine whether for an arbitrary pair of group words U
and V in the generators of G the equality φ(X)U = V X holds for some W ∈ G and φ ∈ H , where H is a ﬁxed subset of
Aut(G)?
We will discuss the twisted conjugacy problem for H = {φ}.
Theorem 2.10. ([29]) The twisted conjugacy problem has aﬃrmative answer for G the polycyclic-by-ﬁnite group and H an automor-
phism φ .
Proof. It follows immediately from Theorem 2.6 by the same argument as in the paper of Mal’cev [44], where the property
of conjugacy separability was ﬁrst formulated for the (non-twisted) conjugacy problem. 
In fact we have proved the following statement.
Theorem 2.11. ([29]) If G is strongly twisted conjugacy separable then the twisted Dehn conjugacy problem is solvable for any auto-
morphism of G.
Also one can study some more particular cases of this problem. In particular, one has
Theorem 2.12. ([29]) Let G be a φ-conjugacy separable group. Then the twisted Dehn conjugacy problem is solvable for φ .
From Corollary 3.4 and Proposition 3.5 in [47] one can obtain
Theorem 2.13. ([29]) Suppose G is the fundamental group of a closed hyperbolic surface and φ :G → G is virtually inner. Then the
twisted Dehn conjugacy problem is solvable for φ .
Recently, in [8] the twisted Dehn conjugacy problem was solved for virtually surface groups and an example of a ﬁnitely
presented group with solvable conjugacy problem but unsolvable twisted conjugacy problem was given.
2.7. Some questions [29]
It is evident, that any conjugacy separable group is residually ﬁnite (because the unity element is an entire conjugacy
class). This argument does not work for general Reidemeister classes. In this relation we have formulated in [29] several
open questions:
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Question 2. Does the φ-conjugacy separability imply residual ﬁniteness, provided R(φ) < ∞?
Question 3. Does the twisted conjugacy separability imply residual ﬁniteness, provided the existence of φ with R(φ) < ∞?
Question 4. Let G be a residually ﬁnite group and φ its automorphism with R(φ) < ∞. Is G φ-conjugacy separable?
The aﬃrmative answer to the last question implies the twisted Burnside–Frobenius theorem for φ.
3. Groups with property R∞
Consider a group extension respecting homomorphism φ:
0 H i
φ′
G
p
φ
G/H
φ
0
0 H i G
p
G/H 0,
(3.1)
where H is a normal subgroup of G . First, notice that the Reidemeister classes of φ in G are mapped epimorphically onto
classes of φ in G/H . Indeed,
p(˜g)p(g)φ
(
p
(˜
g−1
))= p(˜ggφ(˜g−1)). (3.2)
Suppose that the Reidemeister number R(φ) is inﬁnite, the previous remark then implies that the Reidemeister number
R(φ) is inﬁnite.
Let G be a group, and let ϕ be an automorphism of G of order m. Gϕ be the group G ϕ Zm = 〈G, t | ∀g ∈ G, tgt−1 =
ϕ(g), tm = 1〉.
The following lemma was proven by Delzant.
Lemma 3.1. ([42, Lemma 3.4]) If K is a normal subgroup of a group Γ acting non-elementarily on a hyperbolic space, and if Γ/K is
abelian, then any coset of K contains inﬁnitely many conjugacy classes.
Theorem 3.2. ([30]) If Gϕ has a non-elementary action by isometries on a Gromov-hyperbolic length space, then G has inﬁnitely many
ϕ-twisted conjugacy classes.
Proof. By elementary action, we mean an action consisting of elliptic elements, or with a global ﬁxed point, or a global
ﬁxed pair, in the boundary of the hyperbolic space. The statement of the theorem follows immediately from Lemma 2.1 and
Delzant Lemma 3.1. 
Theorem 3.3. The following groups have the R∞ property:
(1) non-elementary Gromov-hyperbolic groups [19,42],
(2) non-elementary relatively hyperbolic groups,
(3) the mapping class groups ModS of a compact surface S (with a few exceptions) [30],
(4) the full braid groups Bn(S2) on n strings of the sphere S2 [30].
Proof. (1)–(2) Theorem 3.2 applies if G is a Gromov-hyperbolic group or relatively hyperbolic group and if ϕ has ﬁnite
order in Out(G). In fact, in this case, Gϕ contains G as a subgroup of ﬁnite index, thus is quasi-isometric to G , and by quasi-
isometry invariance, it is itself a Gromov-hyperbolic or relatively hyperbolic group. Now let assume that an automorphism
of a hyperbolic or relatively hyperbolic group has inﬁnite order in Out(G). We describe the main steps of the proof in this
case (see [19,42] for the details). By [50] and [4] Φ preserves some R-tree T with nontrivial minimal small action of G
(recall that an action of G is small if all arc stabilizers are virtually cyclic; the action of G on T is always irreducible (no
global ﬁxed point, no invariant line, no invariant end)). This means that there is an R-tree T equipped with an isometric
action of G whose length function satisﬁes l · Φ = λl for some λ 1.
Step 1. Suppose λ = 1. Then the Reidemeister number R(φ) is inﬁnite.
Step 2. Suppose λ > 1. Assume that arc stabilizers are ﬁnite, and there exists N0 ∈ N such that, for every Q ∈ T , the
action of Stab Q on πo(T − Q ) has at most N0 orbits. Then the Reidemeister number R(φ) is inﬁnite.
Step 3. If λ > 1, then T has ﬁnite arc stabilizers. If λ > 1 then from work of Bestvina and Feighn [3] it follows that there
exists N0 ∈ N such that, for every Q ∈ T , the action of Stab Q on πo(T − (Q )) has at most N0 orbits.
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is easy to see that the mapping class group ModS is a normal subgroup of the full mapping class group Mod
∗
S , of index 2.
The graph of curves of S , denoted G(S), is the graph whose vertices are the simple curves of S modulo isotopy. Two
vertices (that is two isotopy classes of simple curves) are linked by an edge in this graph if they can be realized by
disjoint curves. Both ModS and Mod
∗
S act on G(S) in a non-elementary way. Now we use the non-elementary result of
Masur and Minsky [45] that the complex of curves of an oriented surface (with genus g and p boundary components, and
3g + p − 4 > 0) is Gromov-hyperbolic space.
Thus Theorem 3.2 is applicable for ModS and for ϕ1 the automorphism induced by reversing the orientation of S , since
in this case, (ModS )ϕ1 = ModSϕ1Z2  Mod∗S . For ModS and ϕ0 = Id, we have R(ϕ0 = Id) = ∞ because the group ModS has
an inﬁnite number of usual conjugacy classes. Finally, Out(ModS)  {ϕ0,ϕ1} (see [39]), which ensures that ModS has the
R∞ property if S is an orientable, compact surface of genus g with p boundary components, where 3g + p − 4 > 0. The
only cases not covered by this inequality are: (i) S is the torus with at most one hole and (ii) S is the sphere with at most
4 holes. The case of the torus with at most one hole follows from Section 3 in [30]. In the case of the sphere with at most
4 holes, this follows directly from the knowledge of Out(ModS) and the cardinality of the mapping class group.
(4) Let φ : Bn(S2) → Bn(S2) be an automorphism. Since the center of Bn(S2) is a characteristic subgroup, φ induces a
homomorphism of the short exact sequence
1 → Z2 → Bn
(
S2
)→ ModS2n → 1,
where S2r = S2 − r open disks. This short exact sequence was obtained from the sequence in [5]. The result above implies
that the group ModS2n for n > 3, has the R∞ property. Then the remark about extensions implies that the group Bn(S
2) also
has this property. For n 3 the groups Bn(S2) are ﬁnite so they do not have the R∞ property. 
Relatively hyperbolic groups were introduced by Gromov [36] and since then various characterizations of relatively hy-
perbolic groups have been obtained [14]. Examples of relatively hyperbolic groups are:
• The free products of ﬁnitely many ﬁnitely generated groups are hyperbolic relative to the factors.
• Geometrically ﬁnite isometry groups of Hadamard manifolds of negatively pinched sectional curvature are hyperbolic
relative to the maximal parabolic subgroups. This includes complete ﬁnite volume manifolds of negatively pinched
sectional curvature.
• The amalgamation of relatively hyperbolic groups over parabolic subgroups is relatively hyperbolic, when the parabolic
subgroup is maximal in at least one of the factors [10].
• CAT(0)-groups with isolated ﬂats are hyperbolic relative to the ﬂat stabilizers.
• Sela’s limit groups are hyperbolic relative to non-cyclic maximal abelian subgroups [10].
3.1. Asymptotic expansions
Suppose we know that the number of the twisted conjugacy classes of an automorphism φ of a group G is inﬁnite. The
next natural step will be to write an asymptotic for the number of twisted conjugacy classes with a norm smaller then x.
First of all we need to deﬁne a norm of a twisted conjugacy class. In present section we realize this approach for the
pseudo-Anosov homeomorphism of a compact surface.
We assume X to be a compact surface of negative Euler characteristic and f : X → X is a pseudo-Anosov homeomor-
phism, i.e. there is a number λ > 1 and a pair of transverse measured foliations (F s,μs) and (F u,μu) such that f (F s,μs) =
(F s, 1
λ
μs) and f (F u,μu) = (F u, λμu). The mapping torus T f of f : X → X is the space obtained from X × [0,1] by iden-
tifying (x,1) with ( f (x),0) for all x ∈ X . It is often more convenient to regard T f as the space obtained from X × [0,∞)
by identifying (x, s + 1) with ( f (x), s) for all x ∈ X , s ∈ [0,∞). On T f there is a natural semi-ﬂow φ : T f × [0,∞) → T f ,
φt(x, s) = (x, s+ t) for all t  0. Then the map f : X → X is the return map of the semi-ﬂow φ. A point x ∈ X and a positive
number τ > 0 determine the orbit curve φ(x,τ ) := φt(x)0tτ in T f . The ﬁxed points and periodic points of f then corre-
spond to closed orbits of various periods. Take the base point x0 of X as the base point of T f . According to van Kampen’s
theorem, the fundamental group G := π1(T f , x0) is obtained from π = π1(X, x0) by adding a new generator z and adding
the relations zgz−1 = f˜∗(g) for all g ∈ π , where z is the generator of π1(S1, x0). This means that G is a semi-direct product
G = π  Z of π with Z .
There is a canonical projection τ : T f → R/Z given by (x, s) → s. This induces a map π1(τ ) :G = π1(T f , x0) → Z .
The Reidemeister number R( f ) is equal to the number of homotopy classes of closed paths γ in T f whose projections
onto R/Z are homotopic to the path
σ : [0,1] → R/Z ,
s → s.
Corresponding to this, there is a group-theoretical interpretation of R( f ) as the number of usual conjugacy classes of
elements γ ∈ π1(T f ) satisfying π1(τ )(γ ) = z.
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to a pseudo-Anosov homeomorphism.
So, if the surface X is closed and f is isotopic to a pseudo-Anosov homeomorphism, the mapping torus T f can be
realized as a hyperbolic 3-manifold, H3/G , where H3 is the Poincare upper half space {(x, y, z): z > 0, (x, y) ∈ R2} with
the metric ds2 = (dx2 + dy2 + dz2)/z2. The closed geodesics on a hyperbolic manifold are in one-to-one correspondence
with the free homotopy classes of loops. These classes of loops are in one-to-one correspondence with the conjugacy
classes of loxodromic elements in the fundamental group of the hyperbolic manifold. This correspondence allowed C. Epstein
(see [15, p. 127]) to study the asymptotics of such functions as pn(x) = #{primitive closed geodesics of length less than
x represented by an element of the form gzn} using the Selberg trace formula. A primitive closed geodesic is one which
is not an iterate of another closed geodesic. Later, Phillips and Sarnak [51] generalized results of Epstein and obtained for
n-dimensional hyperbolic manifold the asymptotic of the number of primitive closed geodesics of length at most x lying
in the ﬁxed homology class. The proof of this result makes routine use of the Selberg trace formula. In the more general
case of variable negative curvature, such asymptotics were obtained by Pollicott and Sharp [53]. They used a dynamical
approach based on the geodesic ﬂow. We will only need an asymptotic for p1(x). Note that closed geodesics represented
by an element of the form gz are automatically primitive, because they wrap exactly once around the mapping torus (once
around the generator z). We have the following asymptotic expansion [15,51,53]
p1(x) = e
hx
x3/2
(
N∑
n=0
Cn
xn/2
+ o
(
1
xN/2
))
, (3.3)
for any N > 0, where h = dim T f − 1 = 2 is the topological entropy of the geodesic ﬂow on the unit-tangent bundle ST f ,
and the constant C0 > 0 depends on the volume of hyperbolic 3-manifold T f . So, we have the following leading asymptotic
behaviour:
p1(x) ∼ C0 e
hx
x3/2
, as x → ∞. (3.4)
Notation. We write f (x) ∼ g(x) if f (x)g(x) → 1 as x → ∞.
Now, using the one-to-one correspondences in Lemma 2.1 and the Reidemeister bijection in the Introduction we deﬁne
the norm of the lifting class, or of the corresponding twisted conjugacy class {g} f˜∗ in the fundamental group of the surface
π = π1(X, x0), as the length of the primitive closed geodesic γ on T f , which is represented by an element of the form gz.
So, for example, the norm function l∗ on the set of twisted conjugacy classes equals l∗ = l ◦ B , where l is length function
on geodesics (l(γ ) is the length of the primitive closed geodesic γ ) and a norm map B is a bijection deﬁned by formula
B(g) = gz between the fundamental group of the surface π = π1(X, x0) and the ﬁrst coset π1(X, x0)z in the fundamental
group G := π1(T f , x0) = π  Z .
Lemma 3.5.
(1) B(γ g f˜∗((γ )−1)) = γ B(g)γ −1 ,
(2) the function l∗ = l ◦ B is a non-negative twisted class function on G.
Proof. (1) B(γ g f˜∗((γ )−1)) = γ g f˜∗(γ −1)z = γ gzγ −1z−1z = γ gzγ −1 = γ B(g)γ −1.
(2) l∗(γ g f˜∗((γ )−1)) = l ◦ B(γ g f˜∗((γ )−1) = l(γ B(g)γ −1) = l(B(g)) = l∗(g). 
In [22] we introduced the following counting functions:
Tw(x) = #{twisted conjugacy classes for f˜∗ in the fundamental group of surface of norm less than x},
L(x) = #{lifting classes of f of norm less than x}.
A norm function on the set of liftings of f equals l∗∗ = l∗ ◦ L, where l∗ is deﬁned as above and L( f˜ ′ = α ◦ f˜ ) = α is a
function from the set of liftings of f to the group of their coordinates π = π1(X, x0) (see the Introduction). The function l∗∗
is a class function on the set of liftings, constant on the liftings classes.
Theorem 3.6. ([22]) Let X be a closed surface of negative Euler characteristic and let f : X → X be a pseudo-Anosov homeomorphism.
Then
L(x) = Tw(x) = e
2x
x3/2
(
N∑
n=0
Cn
xn/2
+ o
(
1
xN/2
))
,
where the constant C0 > 0 depends on the volume of the hyperbolic 3-manifold T f , and the constants Cn vanish if n is odd.
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Corollary 3.7. For pseudo-Anosov homeomorphisms of closed surfaces the Reidemeister number is inﬁnite.
Question 3.1. How can one deﬁne the norm of a twisted conjugacy class in the general case?
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